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Whvwlqj wkh qxoo k|srwkhvlv ri vwdwlrqdulw| lq iudfwlrqdoo|

lqwhjudwhg prghov

e|

Uhqdxg Odfurl{-

Edqn ri Iudqfh

Nh| zrugv= iudfwlrqdo lqwhjudwlrq/ orqj phpru| sdudphwhu> vshfwudo ghqvlw|> pry0

lqj dyhudjh xqlw urrw> qrq sdudphwulf whvwv1

MHO fodvvl�fdwlrq= F55

DEVWUDFW= Lq wklv sdshu/ zh vkrz krz wr hvwlpdwh frqvlvwhqwo| wkh ghjuhh ri iudf0

wlrqdo lqwhjudwlrq dw d jlyhq iuhtxhqf| w/ iru erwk vwdwlrqdu| dqg qrq vwdwlrqdu|

orqj0phpru| surfhvv1 Wkh vwdwlvwlfv xvhg duh wkh shulrgrjudp iru ydoxhv w? zklfk

frqyhujh wr w zlwk dq dssursuldwh udwh1 Zh dovr lqwurgxfh whvwv ri wkh k|srwkhvlv ri

vwdwlrqdulw| iru vxfk surfhvvhv1

UHVXPH= O*duwlfoh sursrvh xq hvwlpdwhxu frqyhujhqw gx ghjuì g*lqwhjudwlrq iudfwlrq0

-Fruuhvsrqglqj dgguhvv = Edqtxh gh Iudqfh/ 74046<4 GJH0GHHU0Fhqwuh gh Uhfkhufkh/ 64 Uxh

Furl{ ghv Shwlwv Fkdpsv/ :837< Sdulv/ who 340750<507<0;3/ hpdlo uodfurl{Cedqtxh0iudqfh1iu1
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qdluh ã xqh iuìtxhqfh grqqìh w srxu xq surfhvvxv ã pìprluh orqjxh vwdwlrqqdluh rx

qrq vwdwlrqqdluh1 Ohv vwdwlvwltxhv xwlolvìhv vrqw frqvwuxlwhv ã sduwlu gx sìulrgrjudpph

frqvlgìuì hq xqh iuìtxhqfh w? frqyhujhqw yhuv w dyhf xqh ylwhvvh frqyhqdeoh� Rq hq

gìgxlw ìjdohphqw xq whvw gh vwdwlrqqdulwì srxu gh whov surfhvvxv1
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4 Lqwurgxfwlrq

Ohw Ef|�|M] eh dq xqlyduldwh vwdwlrqdu| surfhvv zlwk vshfwudo ghqvlw| ixqfwlrq sE/��

Wkh �uvw jrdo ri wklv sdshu lv wr surylgh d whvw ri wkh k|srwkhvlv s Ew� ' f zkhq

s lv qrw vxssrvhg wr eh d joredoo| uhjxodu ixqfwlrq/ wkdw lv/ s lv qrw frqwlqxrxvo|

gl�huhqwldeoh4 rq d�ZcZo1 Wklv vlwxdwlrq rffxuv lq sduwlfxodu zkhq f| lv rewdlqhg

e| vhdvrqdoo| gl�huhqflqj dw iuhtxhqf| w d surfhvv dgplwwlqj orqj phpru| g|qdplf

dw vrph iuhtxhqf| w
�

/ zlwk hyhqwxdoo| w
�

' w1 Uhfhqwo|/ Klgdojr +4<<9, vkrzhg wkdw

fodvvlfdo nhuqho hvwlpdwruv ri s duh vwloo frqvlvwhqw iru hdfk qrq vlqjxodu ydoxh ri wkh

vshfwuxp ri d orqj phpru| vwdwlrqdu| surfhvv1 Krzhyhu/ wkhvh uhvxowv fdq qrw eh

xvhg iru wkh whvw s Ew� ' f/ ehfdxvh/ vlploduo| wr wkh uhjxodu fdvh/ wkh dv|pswrwlf

yduldqfh ri wkh hvwlpdwru lv sursruwlrqdo wr s2Ew�1 Lq wkh uhjxodu fdvh/ orfdoo| rswlpdo

sdudphwulf whvwv kdyh ehhq sursrvhg e| +Wdqdnd +4<<9,/ Wdp dqg Uhlqvho +4<<:,,1

Odfurl{ +4<<<, glvfxvvhg dovr qrq0sdudphwulf whvwv1

Iru vrph �{hg iuhtxhqf| w lq dfc Zo/ wklv sdshu suhvhqwv d whvw ri wkh k|srwkhvlv

sEw� ' f edvhv rq wkh ehkdylru ri wkh shulrgrjudpph iru srlqwv �qhdu� w1 Wklv

dssurdfk lv udwkhu fodvvlfdo lq qrq0sdudphwulf vshfwudo phwkrgv1 Iru lqvwdqfh/ Or0

edwr dqg Urelqvrq +4<<;, kdyh uhfhqwo| sursrvhg d whvw ri wkh vwdwlrqdu| k|srwkhvlv

djdlqvw iudfwlrqdoo| dowhuqdwlyhv1 Wkhlu whvw xvhv iuhtxhqflhv wdnhq iurp dq dv|pswrwlf

ghjhqhudwh vhjphqw durxqg w ' f1 Rxu dssurdfk h{sorlwv wkh iroorzlqj zhoo0nqrzq

idfw= li s Ew� ' f/ wkhq wkh shulrgrjudp lv d frqvlvwhqw hvwlpdwru ri s Ew� +vhh hj

4Zh zloo vd| wkdw [w lv qrw uhjxodu/ qrw wr eh frqixvhg zlwk surshuwlhv ri wkh Zrog uhsuhvhqwdwlrq1

6



Sulhvoh| +4<;;,,1 Zh ghprqvwudwh lq wklv sdshu wkdw wklv surshuw| vwloo krogv lq d

qhljkerukrrg ri w/ zklfk doorz xv wr exlog whvw vwdwlvwlfv zklfk duh lqvhqvlwlyh wr lu0

uhjxodulw| +vxfk dv orqj0phpru| ehkdylru, dw vrph rwkhu iuhtxhqflhv lq wkh vshfwuxp/

d surshuw| vkduhg e| qrq0sdudphwulf hvwlpdwruv ghyhorshg lq wkh uhfhqw |hduv1

Wkh sdshu fryhuv wkh iroorzlqj jurxqgv1 Vhfwlrq 5 rxwolqhv wkh dvvxpswlrqv dqg

ghulyhv dv|pswrwlf uhvxowv iru wkh shulrgrjudp1 Vhfwlrq 6 vkrzv krz wr dsso| wklv

uhvxow wr lghqwli| wkh ghjuhh ri iudfwlrqdo �ryhu0gl�huhqflqj�/ d wrslf zklfk lv forvho|

uhodwhg wr wkh qxoolw| ri wkh vshfwuxp dw iuhtxhqf| w� Vhfwlrq 7 lv ghyrwhg wr d whvw ri

vwdwlrqdulw| iru d surfhvv zlwk orqj phpru|1

Zh ehjlq zlwk vrph qrwdwlrqv xvhg wkurxjkrxw wkh sdshu1

Zh revhuyh d �qlwh vdpsoh if&c � � & � ?j ri d uhdo ydoxhg vwdwlrqdu|/ sxuho|

qrq ghwhuplqlvwlf surfhvv +SQG/ lq vkruw, Ef|�|M] zklfk zloo eh pruhryhu vxssrvhg

fhqwhuhg1 Lwv Zrog h{sdqvlrq lv=

f| '
"[
�'f

[�0|3� +4,

E0|�|M] lv wkh lqqrydwlrq ri f|/ [f ' �/
S"

�'f[
2
� 	41 Zh gh�qh wkh Zrog ixqfwlrq

dv wkh frpsoh{ ixqfwlrq �fE5� '
S"

�'f[�5
� iru doo m5m 	 �1 Wkh vshfwudo ghqvlw| ri

f| fdq eh h{suhvvhg dv s E/� ' j2

2Z
m�f Ee3�/�m2 zlwk j2 ' H E02| �1

Ohw {? E�� '
S?3�

&'f e
�&� eh Glulfkohw nhuqho> lw vdwlv�hv

U Z

3Z m{? E%�m2 _% ' ? dqg=

m%{? E%�m � 2 srxu f � m%m 	 Z +5,

Lq wkh vhtxho/ wkh v|pero �,� ghqrwhv zhdn frqyhujhqfh zkhq ? whqgv wr lq�qlw|1

Fdslwdo ohwwhuv �c�
�

c �
��

c � � � duh frqvwdqw lqghshqghqw ri ? ru / 5 dfc Zo1 Wkhvh
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frqvwdqwv zloo wdnh gl�huhqw ydoxhv iru hdfk qhz rffxuuhqfh1 Zh qrwh/ iru R � �/

nfn
R
' EH mfmR��%R iru dq| frpsoh{ udqgrp yduldeoh f dgplwwlqj prphqwv xs wr

rughu R1 Ilqdoo|/ zh ghqrwh wkh shulrgrjudp ri dq| vhtxhqfh E~|��$&$? e|=

L~ E/� '
�

?

�����
?[

&'�

e3�&/~&

�����
2

/ iru doo /

5 Orfdo ehkdylru ri wkh shulrgrjudp

Zh vxssrvh wkdw E0|�|M] lv d pduwlqjdoh gl�huhqfh vhtxhqfh dgdswhg wr vrph �owudwlrq

EI|� dqg=

O0 G

;AAAAAAAAAA?AAAAAAAAAA=

HE02| m I|3�� ' j2| / HE0
2
| � ' j2

j2
| ' j2 n

S"
&'� S&

�
02|3& � j2

�
/
S"

&'� mS&m 	4S"
&'� S&5

& 9' � vl m5m � �

t�T
|

H E0e| � 	4

Wkhvh k|srwkhvhv doorz iru DUFK ru JDUFK g|qdplf iru 0|1

Zh qhhg wkh iroorzlqj wkhruhp zklfk lv suryhg lq Odfurl{ +4<<<,1

Wkhruhp 4 Ohw w? 5 ofc Zd eh d vhtxhqfh frqyhujlqj wr w/ dqg vxfk dv ?Ew? � w�$

�4 li w ' Z/ ?w? $ n4 li w ' f1 Wkhq=

L0 Ew?�, j2

2
�2 E2� +6,

Uhpdun 4 Li zh frqvlghu wzr glvwlqfw iuhtxhqflhv w� dqg w2 5 dfc Zo/ dqg wzr vh0

txhqfhv w�c? dqg w2c? vdwlvi|lqj wkh dvvxpswlrqv ri wkh wkhruhp wkhq zh kdyh wkh
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vwurqjhu uhvxow= 3EEC L0 Ew?c��

L0 Ew?c2�

4FFD, j2

2

3EEC �2
� E2�

�2
2 E2�

4FFD +7,

�2
� E2� dqg �2

2 E2� duh lqghshqghqw1 Wklv h{sodlqv zk| lw lv srvvleoh wr frqvlghu vhyhudo

iuhtxhqflhv w�/ dqg wr wuhdw wkhp vhsdudwho| iurp hdfk rwkhu1

Zh ghvfuleh qrz wkh dvvxpswlrqv uhodwlyh wr wkh vprrwkqhvv ri wkh vshfwudo ghq0

vlw|1

Os G

;AAAAAAAAAA?AAAAAAAAAA=

O� G < T Ew� qhljkerukrrg ri w vxfk dv [ lv frqwlqxrxv rq T Ew�

dqg gl�huhqwldeoh rq T W Ew� ' T Ew� qiwj

O2 G <�� : f/ B 5 d�c 2o / m[E/�m � �� m/ � wmB iru / 5 T Ew�

O� G <�2 : f/ _ 5 d�� 2Bc �o /
��[�

E/�
�� � �2 m/ � wm3_ iru / 5 T W Ew�

Qrwh wkdw wkhvh dvvxpswlrqv duh hodwlyh wr orfdo ehkdylru ri wkh vshfwuxp1 Wkh| gr

qrw h{foxgh wkdw s glyhujhv dw vrph srlqw w� 9' w/ zklfk lv w|slfdoo| wkh fdvh ri orqj

phpru| dw w�� s pd|/ ru pd| qrw eh gl�huhqwldeoh dw w/ ghshqglqj xsrq wkh ydoxhv

ri B dqg _1 Wkh k|srwkhvlv O2 lpsolhv wkdw [ kdv rqo| rqh +srvvleoh, }hur dw w rq

T Ew�1 Iurp O�/ wklv k|srwkhvlv lv wulyldoo| ixo�oohg zlwk B ' � li [ Ew� 9' f1 O� lv

vdwlv�hg lq sduwlfxodu zlwk [E/� '
�
�� e�E/3w�

�@
/ @ 5 ofc �d dqg _ ' �� @ dqg B ' �1

Li [ lv frqwlqxrxvo| gl�huhqwldeoh lq d qhljerukrrg ri w/ rqh fdq fkrrvh _ ' f1

Zh uhpdun qrz wkdw s lv dovr frqwlqxrxv rq T Ew� c dqg gl�huhqwldeoh rq T W Ew� zlwk

s E/� � �
�

� m/ � wm2B iru / 5 T Ew�1 Qh{w/ s
�

E/� ' �r|e � +i
k
[

�

E/� [ E/�
l
vr s

�

E/�

vdwlv�hv
��s �

E/�
�� � �

�

2 m/ � wm3_ ehfdxvh [ lv erxqghg1
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Zh suhflvh qrz wkh ehkdylru ri s durxqg w zkhq wklv ixqfwlrq ydqlvkhv dw wklv

srlqw1 Wdnh 0 : f vxfk dv dw � 0c w n 0o � T Ew� dqg
�
/chw� vxfk dv wn0 : / : hw : w1

O� lpsolhv s E/�� s
�hw� '

U /
hw
s
�

E�� _� khqfh���s E/�� s
�hw���� � �2

�3_

�
m/ � wm�3_ �

���hw � w
����3_�1 Ohw hw jrhv wr w > e| frqwlqxlw| ri s /

dqg _ � � ms E/�� s Ew�m � �2

�3_ m/ � wm�3_1 Khqfh xqghu Mf G s Ew� ' f/ zh jhw=

;/ 5 T Ew� c �
�

� m/ � wm2B � s E/� � �2

� � _
m/ � wm�3_ +8,

Lw lv fohdu wkdw li B : � dqg _ 	 f/ wkhq s lv gl�huhqwldeoh dw w�

Zh fdq qrz vwdwh wkh=

Ohppd 5 Xqghu wkh k|srwkhvlv O� dqg O�/ dqg li w? ' w n b? zlwk b? $ f=

H mLf Ew?�� L0 Ew?� s Ew?�m ' �

#v
� n *L} E? mb?m�

? mb?m

$

Surri = vhh wkh dsshqgl{�

�

Zkhq s lv frqwlqxrxvo| gl�huhqwldeoh rq wkh uhdo olqh/ rqh kdv wkh fodvvlfdo erxqg

+vhh Sulhvwoh| +4<;;,,=

H mLf Ew?�� L0 Ew?� s Ew?�m ' �

�
�s
?

�

Li zh frpsduh wklv uhvxow wr +8,/ lw lv vhhq wkdw wkh whup �
�

�I
?

�
kdv ehhq uhsodfhg

e| wkh ohvv suhflvh erxqg �
�t

�n*L}E?�b? ��
?�b?�

�
1 Wklv lv ri frxuvh wkh sulfh wr sd| zkhq

zrunlqj zlwk plqlpdo dvvxpswlrqv derxw wkh Zrog ixqfwlrq1

:



Wkhruhp 6 Xqghu wkh k|srwkhvlv Os dqg O0/ li
�

?�b?�D n
*L}E?�b?��
?�b?�D ' J E�� iru B ' �/

dqg �
?�b?�b n

*L}E?�b? ��
?�b?�b ' J E�� iru B 5 o�c 2o=

Lf Ew?�

s Ew?�
, �2 E2� +9,

Surri = H

��� LfEw?�
sEw?�

� L0 Ew?�
��� ' �

�t
@?

beB?

�
' �

�t
�n*L}E?b?�

?beBn�
?

�
zlwk O21 Khqfh/

LfEw?�
sEw?�

� L0 Ew?� ' JR E��1 Dq dssolfdwlrq ri ohppd 5 |lhogv wkh ghvluhg uhvxow1

�

Qrwh wkdw hyhq li s Ew� ' f/ s lv qrw qhfhvvdulo| v|pphwulf durxqg w/ d vlwxdwlrq

zklfk lv gl�huhqw iurp wkh fdvh lq zklfk s lv wzlfh gl�huhqwldeoh dw w1 Lw phdqv wkdw

lq �qlwh vdpsohv/ wkh ydoxhv ri LfEw?�
sEw?�

pd| eh vhqvlwlyh wr wkh fkrlfh ri wkh vhtxhqfh

b?c dqg pruh suhflvho| wr wkh vljq ri b?1 Frqyhuvho|/ xqghu wkh dowhuqdwlyh k|srwkhvlv/

s Ew� : f/ dqg s lv jhqhudoo| dozd|v dv|pphwulf/ zkhqhyhu lw lv vprrwk ru qrw1

Uhpdun 5 Li s Ew?� ' f dqg �n*L}E?b?�

?b2?
' J E��/ iurp +8, zh jhw=

H mLf Ew?�� s Ew?� L0 Ew?�m ' �
�s

@?
� � �

�s
s Ew?� n @?

�
' �

�t
@? mb?m�3_

�
1 Lw

|lhogv LfEw?�
sEw?�

� L0 Ew?� ' JR

�
bE�3_�%2?

�
= wkh qrupdol}hg shulrgrjudp frqyhujhv idvwhu

wrzdugv lwv olplw zkhq wkh vshfwudo ghqvlw| ydqlvkhv1

6 Lghqwl�fdwlrq ri d iudfwlrqdo surfhvv

Zh jlyh qrz dq dssolfdwlrq ri wklv uhvxow wr d fodvv ri surfhvvhv zklfk dgplw d vshfwudo

ghqvlw| s E/� vxfk dv/ lq wkh qhljkerukrrg ri w=

s E/� � � E/ � w�2_ iru vrph _ 5 dfc 2o +:,

;



Wkh vshfwuxp grhv qrw ydqlvk olnh d sro|qrpldo zkhq _ 5 ofc �d1 Urelqvrq +4<<8,

vkrzhg krz wr jhw dq dv|pswrwlfdoo| qrupdo hvwlpdwru iru sdudphwhuv � dqg _ zkhq

w ' f hw _ 5 o�� %2 c� %2 d/ edvhg rq wkh pd{lpl}dwlrq ri d �svhxgr0olnholkrrg�1 Wklv

fulwhulxp lv wkhq glvfuhwl}hg dqg fdofxodwhg iurp wkh ydoxhv ri wkh shulrgrjudp dw

iuhtxhqflhv w�c? ' 2Z�
?

iru � 	 � 	 6 zlwk 6 whqglqj wr lq�qlw| zlwk 6?3� $ f1

Wkhvh uhvxowv kdyh ehhq h{whqghg wr wkh fdvh w 5 ofc Zd e| Duwhfkh +4<<;,1 Qrwh

wkdw iru _ 5 ofc � %2d/ s ydqlvkhv dw w1 Urelqvrq*v vwdwlvwlf pd| eh xvhg wr whvw wkh

k|srwkhvlv s Ew� ' f� Zh sursrvh qrz wr whvw wkh k|srwkhvlv s Ew� ' f ydolg iru _ � �
2

dv dq dssolfdwlrq ri wkh wkhruhp suryhg deryh1

Zh vwduw zlwk wkh iroorzlqj ohdglqj h{dpsoh=

f| ' E�� 2 ULt w�� n�2�
_� E�� 2 ULt w2� n�2�

_2 ~|

_�c _2 5 dfc 2d ( w�c w2 5 ofc Zo c w� 9' w2

+;,

~| lv d vhfrqg rughu vwdwlrqdu| surfhvv zlwk vshfwudo ghqvlw| s~E/� frqwlqxrxvo| gl�hu0

hqwldeoh lq wkh qhljkerukrrg ri w� dqg vwulfwo| srvlwlyh dw wklv srlqw1 Lq wklv h{dpsoh/

_2 dqg w2 duh xqnqrzq qxlvdqfh sdudphwhuv1 Zh dvvxph wkdw 0|c lqqrydwlrq ri ~|/

vdwlv�hv wkh k|srwkhvlv ri wkhruhp 51

Zh uhfdoo wkdw +vhh Jud| hw do1 +4<;<,, iru _ 5 +"~c dqg m#m � �c Jhjhqedxhu

ixqfwlrqv duh gh�qhg e| wkh h{suhvvlrq=

} E_c 5� ' E� � 2#5 n 52�
_
'
S"

�'f S� E_c #� 5
� iru m5m 	 �

zlwk S� E_c #� '
Sd _2 o

&'f
E3��&KE3_n�3&�E2#�&
KE3_�KE&n��KE�32&n��

+<,

Li w 9' Zc S& E_c ULt w� �&<"
ULtdE&3_�wn_Z2 o
KE3_� t�?3_Ew�

�
2
&

��n_
vr S& E_c ULt w� ' �

�
&3_3�

�
Li w ' Zc S� E_c��� ' E���� KE�32_�

�-KE32_� ��<"
�32_3�

KE32_� ' �
�
�32_3�

�
<



Zkhq _ 5 �c }E_c 5� lv sro|qrpldo1 Lq wklv fdvh S& E_c ULt w� lv }hur iru & � 2_ n �1

Iru _�c _2 5 dfcn4d wkh surgxfw rshudwru } E_�c �� } E_2c�� lv devroxwho| vxppdeoh/

dqg f| lv gh�qhg dv wkh olplw zlwk suredelolw| rqh ri dq devroxwho| frqyhujhqw vhulhv1

Qh{w/ f| vwdwlrqdu|/ zlwk vshfwudo ghqvlw|=

s E/� ' e EULt/ � ULt w��
2_� � e EULt/ � ULt w2�

2_2 � s~E/� +43,

Zh vxssrvh w� lv nqrzq/ zh zdqw wr whvw wkh k|srwkhvlv s Ew�� ' f djdlqvw s Ew�� 9' f/

zklfk wdnhv wkh irup=

Of G _� 5 ofc 2o +44,

O@ G _� ' f

Zkhq wkh g|qdplf ri ~| lv frpsohwho| sdudphwul}hg +yld vrph DUPD vshfl�fdwlrq iru

lqvwdqfh,/ xqghu wkh qrupdolw| dvvxpswlrq iru 0|/ dqg wkh uhvwulfwlrq _�c _2 5 ofc �d/ rqh

pd| hvwlpdwh wkh sdudphwhuv Ew2c _�c _2� zlwk pd{lpxp olnholkrrg1 Exw lw dsshduv wr

eh d gl!fxow wdvn iurp d qxphulfdo srlqw ri ylhz/ dqg pruhryhu/ wkh fdvh _� � � lv qrw

fryhuhg1 Revhuyh qrz wkdw lq d qhljkerukrrg ri w�c s E/� � � E/ � w��
2_� s~Ew�� �

�
�

E/ � w��
2_� li w� 9' Z/ dqg s E/� � �

�

E/ � w��
e_� li w� ' Z +lq wklv fdvh Of pxvw

eh uhsodfhg e| _� 5 ofc �d,1 Wkh k|srwkhvlv Os duh ixo�oohg/ zlwk B ' 4@ E�c _�� c
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